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Abstract 

In perturbation theory we study the matching in four dimen- 
sions between the linear sigma model in the large mass limit and 
the renormalized nonlinear sigma model in the recently proposed 
flat connection formalism. We consider both the chiral limit and 
the strong coupling limit of the linear sigma model. Our for- 
malism extends to Green functions with an arbitrary number of 
pion legs, at one loop level, on the basis of the hierarchy as an 
efficient unifying principle that governs both limits. While the 
chiral limit is straightforward, the matching in the strong cou- 
pling limit requires careful use of the normalization conditions of 
the linear theory, in order to exploit the functional equation and 
the complete set of local solutions of its linearized form. 
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1 Introduction 



The consistent formulation of the nonlinear sigma model as a finite theory 
by means of the subtraction scheme based on the local functional equation 
[T]-[3] allows us to pose the question of which relation exists between the 
nonlinear and the linear sigma model in the large mass limit. We emphasize 
that in our approach both theories are finite (i.e. all divergences have been 
removed) . 

In dealing with the large mass limit we encounter two scenarios. One is 
the chiral limit where all momenta are small w.r.t. the vacuum expectation 
value (v.e.v.) v, the only mass scale. Technically we have to perform an 
asymptotic expansion in \jv of the linear sigma model in the form 



where P, Q are polynomials in I /v. At one loop we find that the leading 
terms match with the nonlinear sigma model. The second scenario is given 
by the limit of strong coupling A. In this latter case the momenta are not 
constrained to be small w.r.t. the scale v, moreover all the divergent terms 
in A have to be removed before taking the limit. The matching with the 
nonlinear sigma model is again based on the leading terms, but the procedure 
is more complex. In particular it shows that the use of the strong coupling 
limit as a definition of the nonlinear sigma model [I], [3] leads to a whole 
ensemble of intricacies related to the power law behavior in A of the v.e.v. 
and of the wave function renormalization constant of the pion fields. 

The asymptotic expansion in both scenarios is carried out by taking the 
large mass limit in the Feynman integrals by using Smirnov's technique [8]- 
[TU] . The two scenarios differentiate in the use of a mass scale factor present 
in the dimensional subtraction procedure. 

In this paper we address the question of the large m limit for the linear 
sigma model on the basis of symmetry properties associated to a local version 
of chiral transformations. This is implemented by two important technical 
points. First we notice that T (the functional one particle irreducible w.r.t. 
the pions, but only connected w.r.t. the sigma field) obeys the same equa- 
tion as the 1PI functional r^z, of the nonlinear model derived from the local 
chiral transformations. Thus T is the right quantity where to evaluate the 
asymptotic expansion and to impose the matching conditions. We find it 
convenient to impose the same spontaneous symmetry breaking v.e.v. and 
the same on-shell conditions for the two point function of the pions in the two 
models. Second we use the hierarchical structure of the functional equation 
in order to study the matching. This means that only the ancestor ampli- 
tudes need to be studied (those with external legs given by the currents and 
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order parameter operator). Moreover the matching is much easier since the 
number of superficially divergent ancestor amplitudes is finite (at variance 
with the amplitudes involving also the pion field). On superficially conver- 
gent amplitudes the large mass limit presents no difficulties, reproducing the 
corresponding amplitudes of the nonlinear sigma model. 

In the tree level approximation the linear sigma model in the limit m — > oo 
is known to reproduce the nonlinear theory at the first non-vanishing order 
in the 1/m expansion [I]- [7]. The case of the tree level approximation is 
automatically dealt with by the hierarchy approach. 

In the strong coupling limit particular care will be devoted in order to 
guarantee that the grading of the perturbative expansion of the functional 
equation in the number of loops is compatible with the asymptotic expansion 
in 1/m. The removal of the corrections to the tadpole and to the residuum 
of the pion is required to ensure this compatibility. This in turn allows to 
use the local invariant solutions of the linearized functional equation both 
for TjVL and T. By using the hierarchical principle it is then straightforward 
to perform the fine-tuning necessary for the matching in such a way that the 
validity of the functional equation is maintained through all descendant lines 
of the Feynman amplitudes, in particular those involving only the Goldstone 
fields. 

This strategy will be applied here at the one loop level and, due to its 
generality, it could provide an effective way to study the matching also at 
higher loops. 

The main results can be summarized by the following points, i) In the 
chiral limit the leading terms of T in the linear sigma model yield the cor- 
responding amplitudes of IVl- ii) In the limit of strong coupling: ii.a) for 
amplitudes which are superficially convergent in the nonlinear sigma model 
the limit of large mass shows perfect matching with the linear model; ii.b) 
for the amplitude Tjj with only two external background connections J£ the 
matching can be achieved by a fine-tuning after the subtraction of the renor- 
malization parts of the v.e.v. and of the pion residuum in the linear sigma 
model; ii.c) for all the other ancestor amplitudes T KqKq , T KoJ j, Tjjj, Tjjjj 
which are superficially divergent in the nonlinear sigma model the matching 
is possible provided a fine-tuning is performed by using the local invariant 
solutions of the linearized functional equation. 

We stress once more that this is possible only if the compatibility of the 
grading in the linearized functional equation is guaranteed by removing the 
renormalization parts in the v.e.v. and in the residuum of the pion fields. 
This renormalization removes terms in A 4 In A , A 4 and A 2 which can dan- 
gerously conspire with subleading terms of the classical action resulting in 
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jeopardizing the hierarchy principle. 

The paper is organized as follows. In Sect. [2]we formulate the linear sigma 
model in order to implement the local chiral symmetry in the background 
field formalism. In Sect. [3] we derive the local Ward identity in the linear 
sigma model for the 1-PI vertex functional and for F which is 1-PI only w.r.t. 
the pions fields. In Sect. H]we consider the tree level case as a warm-up for 
a consistent use of the hierarchy approach by which the pion amplitudes are 
derived from those involving only the currents and the order parameter. 

In Sect. [5] we discuss the matching in the one loop approximation. In 
Sect. 15.11 we fix the renormalization of the linear sigma model and we notice 
the necessity to introduce a counterterm involving the field strength tensor 
for the background connection J£. In Sect. 15. 21 we comment on the large mass 
expansion and discuss the different regimes of the chiral limit and the strong 
coupling limit. In Sect. 15.31 we show how to explicitly construct and 
provide the general framework for the evaluation of the ancestor amplitudes 
at the leading order in the large mass expansion. In Sect. 15.41 we give the 
general proof of the correspondence in the one loop case. We summarize the 
results for the chiral limit in Sect. [6] and for the strong coupling limit Sect. [7J 
The comparison with some previous results published in the literature is 
carried out in Sect. 17.11 Finally conclusions are given in Sect. [HJ 

Appendix [X] gives the Feynman rules for the linear sigma model in the 
presence of a background connection. In Appendix [B] we give a resume of the 
most relevant formulas. In Appendix O we apply the large mass expansion 
due to Smirnov in order to compute the leading and the next-to-leading term 
in the asymptotic expansion of the four pion amplitude and verify the can- 
cellations of non-local terms, which happens at these orders as predicted by 
the hierarchy. In Appendix [D] we perform the detailed computations of the 
leading order in the large mass expansion for the superficially divergent an- 
cestor amplitudes which are needed in the general proof outlined in Sect. 15.41 
In Appendix [E] we report the classical action of the nonlinear sigma model in 
the flat connection formalism and collect the local invariant solutions of the 
linearized functional equation which are needed for the large mass expansion 
in the one-loop approximation. 

2 The linear sigma model 

The classical action of the linear sigma model can be written as 
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where $ is the two-component complex vector field 

^) = 4= ( !w f + -tf\ ) ■ ( 3 ) 
V2\ 0oO) - »03 W / 

We use a single D-dimensional mass scale vd = v D l 2 ~ l . A is dimension- 
less. r^[</>] in eq.(j2J) is invariant under the global chiral SU(2)l x SU(2) r 
symmetry 

& = U L $rf R with U L eSU(2) L , U R eSU(2) R . (4) 
The invariance under infinitesimal global SU(2)l transformations 

6 L $(x)=i8a b '^$(x) (5) 
is translated into the following Ward identity obeyed by 1^ : 

r / l i sr {0) l 5r (0 \ 

/A^ + ^-^-O. (6) 

Eq.(jS]) is well-known and it is usually implemented in the literature in order 
to discuss the relationship between the renormalization constants and the 
existence of the Goldstone bosons. 

We remark that it is possible to couple in the classical action the Noether 
current associated with the infinitesimal left global transformations 

L% = Z -^(x)r a d^(x) - &>&(x)T a $(xf) (7) 
= -M x ) d^(j) a {x) + <9^ (x) (j) a {x) - e abc d^(j) b (x) <j> c (x) 

to the external source J^ a without violating power-counting renormalizability. 
This yields a global Ward identity in the presence of the source 



J d D x ((^0 O <U + \ 



sr^[<p,j} l 5rf[<M 



2 So,, 2 

<',,!,<■ -j '!' — L - — - i = o 

for the action 



,(0) 

tabcJb 5J? 



rf[0,j]=ri o) [0] + J d D xJ» a L». (9) 

By using the fact that [(f), J] = 1^ [<p} we see that for J Ma = eq. (jHJ) 
reduces to eq.flE]). 
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3 Local Ward identity 



The global Ward identity in eq.flB]) does not fix the pion amplitudes in terms of 
the amplitudes involving only the sigma field and J£ and therefore it does not 
exhibit a hierarchy. This can be remedied by upgrading the global symmetry 
to a local one in a way compatible with power-counting renormalizability. 
This can be achieved by considering the action 

r(°> = J d D x (p^ - aV- d (V $ - y) 2 ) , (io) 

where denotes the covariant derivative w.r.t. J^ a : 

D^ = d^-iJ^§. (ii) 

In this formalism J^ a is a background gauge connection. In order to set up 
the perturbative expansion of the theory we expand around the minimum 
constant configuration 4> = Vn,4>a = 0. Thus the field 4> acquires a 
non-vanishing v.e.v. vd and we correspondingly shift 4>q by setting 

M x ) = v d + <r(?) . (12) 

The tree level Feynman rules derived from 1^°) are collected in Appendix [XI 
r(°) is invariant under the local infinitesimal transformations 

$4>a = ^{vd + cr)5a a + ^e abc <f) b 5a c , 5a = -^<p a 5a a , 
5J^ a {x) = d^8oc a {x) + e abc J ^ b (x)5a c (x) . (13) 

The local Ward identity fulfilled by ifl 

{\{v D + a)5 ab + \e abc <p c )Tf b - ^ o rf - £>T^ - e abc J^l = . (14) 

By adopting the normalization condition on the tadpole 

rvU^o = o (is) 



the position of the minimum of the potential does not renormalize. Eq. (fl4j) 
becomes for the full quantum vertex functional 

(^(v D + a)5 ab + ^eabcfa)^ - ^(j> a T a - d*T JS - e abc J^Vj, = . (16) 



4 A subscript denotes functional differentiation with respect to the argument. 
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In our approach the matching between the linear and the nonlinear sigma 
model is studied by means of the local chiral transformations. In the nonlin- 
ear sigma model the 0o held becomes a composite operator, being subject to 
the nonlinear constraint 

0o + 4>l = vl ■ (17) 

This suggests to introduce for the linear sigma model the functional T which 
is 1-PI only w.r.t. the pion fields. For that purpose we need to perform 
the Legendre transform of the connected generating functional for the linear 
sigma model W[iiT , Kq, J£] only w.r.t. K a (the sources of the three indepen- 
dent fields 4> a )\ 

T[<p a , K , J£] = W[K a , K , J£] - J d D x K a <p a 

= r[0 a ,0 o , J£} + J d D xK <f) (18) 

with the Legendre transform condition 

It = ~ K ° (19) 

d(f>o 

(i.e. Kq is the source for the unshifted field 4>o)- 

At this stage we can derive a local functional equation for T. From eq. ffTBj) 
we derive the local functional equation obeyed by W[K a , K , Jjf] 

1 5W 1 SW 
~2 6K Ka ~ 2 eabc 6K c Kb + 26K a K ° 
5W 5W 

- 9 "«-^w = °- (20) 

By using the fact that 



SK SK 

(since we do not perform a Legendre transform w.r.t. Kq) we can obtain 
from eq. (l20l) the following local functional equation for T 

i sr sr i sr i , „ 

+ 2 6K Wa + 2 £abc<Pc Wr2 (l)aKo 

- d "wr^wr"- (22) 
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We remark that the equation for f is nonlinear, due to the appearance of the 
bilinear term in the first line of eg. (1221) (while the original local functional 
Ward identity for the linear sigma model is linear). Moreover by using eq. (!15j) 
and eq. flTBl) we get 

5f 



= v D . (23) 

4> a =Ka=j£=0 

This condition will be imposed also on the nonlinear sigma model, thus fixing 
the only dimensional parameter of the theory. We remark that eq. (1221) is the 
same as the functional equation obeyed by the nonlinear sigma model in the 
flat connection formalism [H [21 E] and therefore we conclude that the use of 
T will be the correct way to study the matching between the two models. 
In this way the matching of the limit of the linear sigma model with the 
nonlinear one is performed by using the same functional equation and the 
same boundary condition in eq.( 



4 Tree level results 

We apply our strategy for the matching in D = 4 in the tree level approxi- 
mation. In this case one can either compute by exploiting the hierarchy 
or directly by means of eq. (j!8p . In the first case we observe that the classical 
action of the nonlinear sigma model T$ L (see eq. (11211) in Appendix [E]) obeys 
the same functional equation ( l22l) as T^°\ Therefore by using the hierarchy 
the problem of the matching can be traced back to the issue of the matching 
of the ancestor amplitudes involving the insertions of the constraint of the 
nonlinear sigma model and of the SU(2) flat connection 

K = \ {<Pody a - dy <P a + e abc d»Mc) • (24) 
v 

In the matching procedure one has thus to properly normalize the background 
connection through 

since J% ' NL couples in T$ L to the flat connection F Ma : 
j J d A x (f% - J^ 2 + J d A x Kq(J)q 

J d 4 x i^F 2 + F^J^nl + ^J 2 NL ) + J d 4 x Kofo . (26) 



NL 
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A straightforward calculation in the limit of large m for yields in mo- 
mentum space 



4 \ 2 ~ (o) 4 



iC 

^; x j#(-p)j#(p) ~ ^2 

These amplitudes coincide with the corresponding ones of the nonlinear sigma 
model (see Appendix [E]), while all the remaining ancestor amplitudes are 
suppressed both in the chiral and in the strong coupling limit (they vanish in 
the nonlinear sigma model). Since the ancestor amplitudes match at the first 
non-vanishing order, the matching at the same order for amplitudes involving 
at least one pion field then follows by the hierarchy. 

In the second approach we resolve the Legendre transform w.r.t. 0o 

<5T<°> 

-ft- = ~ K o , (28) 
d(p 

yielding 

- D0 O - - \dJ a <j> a + i J 2 0o - A 2 0o(0o + <f>l ~ v 2 ) = -K . (29) 

The above equation has to be solved for <$$ in the sense of formal power 
series in Jg, Kq, <f>j and their derivatives. In the limit A — > oo the leading 
contribution comes from the non-trivial solution of 

<M0o + 0a-^ 2 )=O. (30) 
The same happens in the chiral limit. Thus we find 

40 ' V/2 + O(l/m 2 ), (31) 

i.e. we recover the constraint of the nonlinear sigma model. 

Then one finds that (by using the properly normalized source NL in 
eq. (l25l) ) coincides in the first non- vanishing order both in the chiral and 
in the strong coupling limit with the classical action of the nonlinear sigma 
model T^: 

p(o) = r (o)_ + 0(1/ X) (strong coupling limit) 

f(°) = r ( ° ] L + 0(l/v) (chiral limit) . (32) 



v \ v 2 
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5 Matching by the hierarchy (one loop) 



In this Section we move to the study of the matching in the one loop ap- 
proximation. A possible way to analyze the correspondence is to evaluate 
directly according to eq. ffT8l) and verify the matching at the level of pion 
amplitudes [l]-[Zj. 

However, as we have already mentioned many times, it is more profitable 
to evaluate the behavior of ancestor amplitudes and from them derive possi- 
bly the amplitudes involving pion fields through the hierarchy. This strategy 
requires a careful analysis of the renormalization conditions. 



5.1 Renormalization of the linear sigma model (one 
loop) 

The renormalization of the linear sigma model is performed within Dimen- 
sional Regularization. The integrals in the Feynman amplitudes in D dimen- 
sions are correctly normalized by using the parameter vd- The local Ward 
identity (fl6|) restricts the one loop counterterms to be of the form 



2 

,2x2 



-<5 A (V$-^) +5 J F lxua F^] (33) 
where F£ v is the field strength of the background connection J£\ 

Fr = d »j : _ arj£ + eabcJ »r c . (34 ) 

We notice the appearance in eq. (l33l of a counterterm involving the field 
strength of J" However this term does not contribute to the pion amplitudes 
through the descendant lines of the hierarchy just by direct computation (it is 
gauge- invariant and therefore it disappears in the expression within eq.( |22i) ). 

The matching of the two models through the coincidence of the v.e.v. 
requires the introduction of a counterterm for the tadpole as in eq.(TT5l). This 
fixes 8 t : 



St = ^rn 2 (-^- + 1 - lE + ln(47T) - In ) . (35) 



(4tt) 2 "" \4-D ' " ,a ' "^~" J *"\i; 2 , , 

By the above condition we are able to fix a common mass scale for both the 
linear and the nonlinear sigma model according to eq. (1231) which at one loop 



10 



gives 



f So = • ( 36 ) 
We also require that the residuum of the pion is set equal to one, thus fixing 

\ 2 

(37) 



(4tt) 2 

We remark that if one does not remove the power law dependence in A and v 
of if* and r$ by using the counterterms in eqs. 035)) and (j37p the suppressed 
terms in 1/A or 1/v (according to which limit is taken) entering in (see 
eq. (132p ) would spoil through the bilinear terms in eq. (122j) the compatibility 
between the large mass limit and the loop expansion. A similar problem is 
also encountered in the direct evaluation of pion amplitudes by conventional 
approaches discussed in Sect. 17. 1[ 

In our strategy of using only ancestor amplitudes the condition on the 
residuum of the pion can be translated in terms of f jj as follows: 

lim J-ffj = 0. (38) 
m 2 ^oo dm 2 JJ 

The remaining counterterms are chosen according to Minimal Subtraction 
on the basis of simplicity and elegance: 



12A 4 2 
(4vr) 2 4- D ' 



5j= 24(l)M-V (39) 



5.2 Large mass expansion 

The expansion for large value of the parameters is performed by using the 
technique devised by Smirnov [H]- [10] and it involves in principle only one 
parameter, the mass of the heavy particle running inside the graph. How- 
ever, if the graph is divergent at D = 4, then the pole subtraction introduces 
a second mass which restores the correct dimensions of the Feynman am- 
plitudes. If this extra mass scale is kept fixed for m — > oo we realize the 
strong coupling limit; if instead this mass scale is identified with the v.e.v. 
we obtain the chiral limit. In both cases the technical job is the same and 
consists in asymptotic expansion of the Feynman amplitudes for large m. 
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In Appendix [D] we evaluate the asymptotic expansion of all the ancestor 
amplitudes of the linear sigma model which develop a singular behavior in 
the limit m — > oo and which correspond to superficially divergent amplitudes 
of the nonlinear sigma model. 

^From the results of Appendix [D] one sees that in the chiral limit the 
correspondence with the nonlinear sigma model is automatic if one keeps 
only the leading terms in lnt>. In particular all graphs involving a virtual 
sigma field yield subleading contributions. 

In the strong coupling limit the connected graphs containing the sigma 
field (Ar^) yield terms proportional to In A which have to be subtracted 
before taking the limit A —>■ oo. 

In performing this kind of calculations one finds a certain number of 
cancellations which can be traced from the algebraic characterization of 
In the next subsection we are going to elaborate on this more general and 
formal approach which has the advantage of being able to deal with the 
general case with any number of legs in the ancestor amplitudes. On the 
account of the hierarchy that means that by this method we can take the 
limit of large mass for any Feynman amplitude with arbitrary number of pion 
fields (one loop). 

5.3 Explicit construction of 

At one loop it is possible to give an analytic construction of by using 
and by making use of the Legendre transform in eq.( lT8]) . For that purpose 
we expand the solution of eq.(fl~9l) as 



+ . . . , (40) 



where cj)^ stands for the one loop corrections to the solution of the classical 
equation of motion in eq. (1291) and the dots denote terms of higher order in 
h. By substituting O m eq. (HUl) into eq. ljTSl) and by keeping only terms up 
to order one in the loop expansion one finds 

(°) 71 i f AD„ Tf_A°) 



f[0 a ,^ o ,^] = r(°)[0 a ,4 o) ,J] + J d D x Kq 



+ r^ a , 4 0) , A + / dPx C r( °y U] + k ) > + . . . 
= r<°> [<f> a , ^\ J)+ f d D x + [0 a , 4°), j\ + ... (4i) 



where use has been made of eq. (l28l) . By eq. ()4Tl) f^ 1 ) can be obtained by 
substituting in the one loop 1-PI vertex functional T^ 1 ) of the linear sigma 
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model the solution of the classical Legendre transform in eq. (|28l) : 



f (1) [0 a ,^o,^] = r (1) [0a,0o,^]| 0o= ,,o) (0a ^ OiJaM) • (42) 

obeys the linearized functional equation obtained by projecting eq. (|22|) 
at one loop 

i gf(°) gfw i5f«5rw i srw 

+ 2 6K 5<p a + 2 SK <50 a + 2 €abc<Pc 6fo 

_a,__ e ^_ = . ( 43) 

Eq. fj4"3l suggests a different approach to the study of the matching than 
the direct evaluation of the pion amplitudes. Since eq. (j4"3l) implements a 
hierarchy principle, the coincidence in the large mass limit of the ancestor 
amplitudes is sufficient to guarantee through the hierarchy the coincidence 
(at the same order in the large mass expansion) of amplitudes involving at 
least one pion. 

According to eq. (T4*2l in order to derive the one loop ancestor amplitudes at 
the first non- vanishing order in the large mass expansion one has to evaluate 
the renormalized 1-PI vertex functional rW[0, a, J] of the linear sigma model 
at (p a = (no external pion legs) and then substitute into it the solution of 
the Legendre transform in eq. (l2U]) . again by keeping only those terms non- 
vanishing at <j) a = 0. In the first order of the large m expansion the solution 
to eq.pn]) can be truncated at order 1/A 2 (further terms yield suppressed 
contributions in the large m expansion): 

a(x) = J^J 2 (x) + ^^) + ... (44) 
5.4 General proof of the matching 



In this subsection we exploit eq. (1421) in order to derive a general framework 
for the analysis of the ancestor amplitudes in T^K 

For that purpose we consider first the large mass limit of r^fO, a, J]. As 
can be seen from the tree-level Feynman rules in Appendix |A], the degree 
in A and v of the interaction vertices only depends on the number of fields 
entering into the vertex (irrespective of whether the fields are a or a ). 

As a consequence, the leading order in the large mass expansion for a 
superficially convergent 1-PI amplitude in r^fO, a, J] is given by graphs with 
only massless internal lines (light graphs). In fact any graph with superficial 
degree of divergence 5 < contributing to such an amplitude and involving 
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at least one massive virtual sigma field (heavy graph) is suppressed by a 
factor m s w.r.t. the light graphs. 

For superficially divergent amplitudes the same conclusion holds in the 
chiral limit, as can be checked by the explicit computations of the relevant 
amplitudes in Appendix [D] once the normalization of the vector external 
source in eq. (T25]) is taken into account. 

On the contrary, in the strong coupling limit the dominant contribution to 
superficially divergent amplitudes comes from the heavy graphs. The leading 
terms for large A can be computed by using the results of Appendix [D] and 
yield (the subscript H stands for heavy): 

r« = j^-y 2 In (^) J d'x ( - 9AV a 2 - \\\ J* a a + J au d» J» a - 8J a dJ a ) 

On account of the replacement in eq. (j4"4"]) gives rise through the Legen- 
dre transform in eq. (j42j) to logarithmically divergent terms in the ancestor 
amplitudes Yj^ K , f^jj, f jj, Yjjj and T^jjj- These amplitudes are in 
one-to-one correspondence with the one loop superficially divergent ancestor 
amplitudes of the nonlinear theory. The logarithmic divergences in A have 
to be removed in a symmetric way by making use of the invariants Xi, ... 5X7 
in eq. (I125[) before the limit A — > 00 is taken. 

Once logarithmic divergences are removed, the finite parts generated by 
the heavy graphs in the large A expansion have finally to be matched by a 
finite fine-tuning by using the invariants I±, ... 5X7. In fact at one loop level 
the linearized equation (H3l) guarantees that this is always a viable procedure 
compatible with allowed one-loop finite renormalizations of the nonlinear 
sigma model. 

The recursive fulfillment of the bilinear local functional equation (12*2]) 
order by order in the loop expansion is required in order to guarantee the 
locality of the symmetric counterterms [H] . At order n > 1 the latter obey 
the inhomogeneous equation obtained by projecting the bilinear functional 
equation at order n in the loop expansion. The higher order symmetric 
counterterms can be determined by using the algebraic methods based on 
the Slavnov- Taylor (ST) parameterization of the symmetric effective action 
which were originally developed for the restoration of the ST identities in 
chiral gauge theories in the absence of a symmetric regularization [12]- |14| . 

The fact that the subtraction of the divergent terms cannot be defined 
in a unique way shows that the nonlinear sigma model cannot be uniquely 
defined clS db limit of strong coupling. 
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In order to establish the matching with the nonlinear sigma model it re- 
mains to prove that the light graphs in T^[0,a, J] do reproduce under the 
Legendre transform in eq. ( H2l) the same ancestor amplitudes of the nonlinear 
theory (at the leading order). This result relies on quite subtle cancellations 
implemented in by the Legendre transform. In particular the contri- 
butions generated by the quadrilinear vertex Tjj ±, (which is absent in the 
nonlinear sigma model) are removed only once the Legendre transform is per- 
formed, as shown explicitly later on. Some examples of these cancellations 
have been pointed out in Appendix [D] (see eqs. (11091) . (11131) and (I117p ). 

Here we elucidate the general structure of the underlying cancellation 
mechanism. 

The evaluation of the ancestor amplitudes in at the required or- 
der is carried out by properly normalizing the relevant light amplitudes in 
r^fO, cr, J] with the help of the single mass scale v and then by performing 
the replacement in eq. (1441) on the subtracted amplitudes. Since in this pro- 
cess a plays the role of an external background source, it is convenient to 
derive an effective potential in such a way that the effects of the replacement 
are taken into account directly at the level of the Feynman rules. One is then 
led to introduce the potential V given by 



(46) 



Several comments are in order here. The interaction vertices between round 
brackets in eq. (1461) are precisely those generating the light graphs in [0, a, J] 
(through contraction with the pion propagators). Moreover it is important 
to notice that, as a consequence of the use of a single mass scale v , the 
replacement for a in eq. (1461) can be safely carried out in D dimensions. 
Thus we can formally write 

exp(if«[*„,J]) . s exp(i J^y^K^)) 

6XP ( ~ 2^ / Ka ^ abK ' 
where A a b is the pion propagator 



(47) 

K a =0 



Aafe = -Uafc • (4£ 
p2 
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The equality in eq. (1471) holds at the leading order in the large mass expan- 
sion. The subscript h states that one has to keep only terms of order h in the 
R.H.S. of eq. (l4"?I) . The amplitudes generated according to eq.( l4"TI) have to be 
properly normalized by using the single mass scale v before subtracting the 
pole. Notice that since each interaction vertex in V contains two fields <f> a , 
the one-loop connected graphs with external legs K and J are automatically 
1-PI. 

By substituting a as displayed in eq. (l4*6l) the effective potential V reads 
explicitly 

V(<p a ,K ,J) = 

J d ° x (i^ 11 ! !,^^^ + ^jL^^kk 

"Ki^J^fca + 1QX 2 v 3~D/2 r S &1 <fc 2 SWM S "i°2 ) J al J a 2 K <Pb 2 ) • (49) 

Since 

rJLrf. =-2\ 2 v^s aia2 (50) 



lVa 2 



one gets 

d ° X I^ T X^ K °^ = -Jd D x ±K fi (51) 

i.e. the same trilinear coupling K^ipip appearing in T^ L . The trilinear cou- 
pling J00 in eq. ( 14*91) coincides with the corresponding coupling in T^ L (once 
the source J afJi is properly rescaled as in eq.(|25l)). Moreover 



-r (0) I 1 r (0) a 6 -0 (52) 



and therefore the quadrilinear coupling JJcjxj) in eq. (149 j) vanishes. 

Thus we see that the effective potential V coincides with the one of the 
nonlinear sigma model. Since we use a single mass scale v for the normaliza- 
tion of both f M and T^ L , we can then state the coincidence of the one- loop 
convergent ancestor amplitudes (at the leading order) in both theories. For 
the divergent ones, as discussed before, finite parts need to be matched by 
a fine-tuning by using the invariants 2i, . . . ,T>? since the subtraction of the 
divergent parts is not uniquely defined. 

This property implies that also the amplitudes involving at least one pion 
field, generated through the descendant lines of the hierarchy, coincide at the 
leading order, thus establishing the matching in full generality (one loop). 
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6 One loop chiral limit 



In the chiral limit at the leading order (logarithmic dependence on v and 
powers in 1/v) the ancestor amplitudes of coincide with those of the 
nonlinear theory. In fact after fixing the v.e.v. of the order parameter by 
eq. (13o"]) and by using the normalization of the pole of the (p a fields imposed in 
eq. flH7|) no further fine tuning is necessary in order to obtain the matching. 
The correspondence with the nonlinear sigma model amplitudes is guaranteed 
provided that one uses a single subtraction mass scale v. 

According to the discussion of the previous Section, the matching of the 
ancestor amplitudes is realized in a substantially different way depending 
on whether the amplitude is superficially divergent or convergent. If the 
amplitude is convergent then the limit can be performed in a straightforward 
way by expanding in 1/v and the coincidence of the two models at the leading 
order is automatically fulfilled. 

For divergent ancestor amplitudes the discussion is more involved. First 
of all we notice that on the side of the linear sigma model the behavior 
in In ^\ of the large mass expansion of the heavy graphs Af^ 1 ' (those of 
f W which have no corresponding partner amplitudes in T^ L ) is a constant 
since m? = 2X 2 v 2 , as shown in Appendix [D] Thus at the one loop level 
the contributions of the heavy superficially divergent amplitudes are of order 
zero w.r.t. superficially divergent amplitudes of the nonlinear sigma model, 
which behave as Inv. 

However these finite terms are not relevant for the matching. The reason 
is due to the fact that satisfies the functional equation in the linearized 
form of eq. (1431) and therefore any finite linear combination of local invariants 
Xi, . . . ,X 7 in eq. (11261) can be added to as an allowed finite renormaliza- 
tion. This voids of any relevance the terms AT' 1 '. 

Once more we point out that this kind of argument can be used only for 
the ancestor amplitudes. In fact there are infinitely many divergent descen- 
dant amplitudes. The latter are however related through the hierarchy to a 
finite number of ancestor amplitudes only. 

Our results on the chiral limit of the linear sigma model reproduce those 
obtained in chiral perturbation theory in Refs.[15l [16] once one uses the 
(one-loop) correspondence table between chiral invariants and the invariants 
Xi, . . . ,X 7 of the linearized functional equation given in 

However this agreement is presumably limited to the one loop approx- 
imation. In our opinion the use of the tree level equations of motions in 
Refs. [T5l [T6] instead of the Legendre transform from the vertex functional 
to the connected generating functional is only valid at one loop. The exten- 
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sion of the latter method to higher orders is less straightforward since higher 
orders (non-local) corrections to the tree-level equations of motion have to 
be taken into account. In the one- loop approximation the use of the tree- 
level equations of motion is very advantageous since it allows to perform the 
matching directly on the connected Green functions of the linear theory, as 
in done in Refs. [To"! [To] . 

7 One loop A —> oo limit 

The strong coupling limit turns out to be more involved. The limit A — > oo 
is singular as it is evident from the logarithmic dependence on A of the 
functional in eq. (l45p . This residual logarithmic dependence cannot be 
removed by a renormalization of the linear sigma model (since the required 
counterterms violate the power-counting bounds) and therefore have to be 
introduced as counterterms for the effective action by means of the in- 
variants X 1; . . . , X 7 in eq. (11251) . This is in contrast with the divergent term 
proportional to A 2 in the two-point function f jj, which can be removed 
by using the tadpole counterterm in eq. (1351) and the kinetic counterterm in 
eq.(!371) introduced in order to fix the residuum of the 4> a propagator to one. 
The removal procedure has to be consistent with the one loop local functional 
equation, therefore we have expanded the In A terms as linear combinations 
of the complete basis given by X 1; . . . ,X 7 . By comparison with eq. (j4"o"]) and 
by taking into account eq. (11251) one finds 



Once the logarithmic divergences are removed, the finite parts generated by 
the heavy graphs in the strong coupling limit have to be matched by using 
the invariants Xi, . . . 5X7. The coincidence of the ancestor amplitudes then 
guarantees through the hierarchy the matching of the pion amplitudes. 

As we have already said, the lack of uniqueness in the subtraction proce- 
dure reflects the impossibility of uniquely defining the nonlinear sigma model 
as the strong coupling limit of the linear model. 

As an application of the hierarchy principle, we determine the behavior 
of the four point pion function in the strong coupling limit. For that purpose 
one has to project eq. fl53|) on the monomials containing four pion fields. By 



f(i) 




(53) 
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using eq. (|125p one finds 

1 In A 



f(i) 



2(4vr) 2 v 4 

26 4 i 

+Y d ^4> a d u (l> b d v (l> b + -d^ad^d^^ + 0(A°). (54) 

7.1 Comparison with some previous results present in 
the literature 

The comparison of the above result with previous published works, for in- 
stance Ref . [3] , is complicated by the fact that the conditions in eqs. (I3B1) and 
flHSj) are not imposed on the linear sigma model. The counterterms needed 
to restore these conditions (5 t and 5z) have a A 2 , A 4 and A 4 In A behavior. 
The power factors in A might cause important changes in the four-pion am- 
plitudes. We comment here on the relevance of these changes. 
Apparently the subtraction procedure used by Appelquist and Bernard [5] 
differs from ours as can be seen from their radiative correction to the v.e.v. 



— (ln(™ 2 )-l + 7£ + hi7r). (55) 

62,71 V 

A consistent use of this counterterm together with the one in eq. fl37|) in the 
relevant graphs depicted in Figure [T] shows that in the four-pion amplitudes 
the A 4 terms disappear, however the A 2 and A 2 In A are non zero. These 
cancel exactly against the corresponding terms reported in Ref. [5] and only 
In A terms are left over. The final result matches with eq.f l54l) . thus showing 
that it is crucial to keep the v.e.v. of sigma and the residuum of the pion 
pole fixed in the renormalization of the linear sigma model, if one takes the 
limit of strong coupling. 



X >< X 




Figure 1: Counterterm contributions to the four point function 
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8 Conclusions 



In this paper we have examined the matching between the linear sigma model 
and the nonlinear sigma model in D = 4 by using the symmetry properties 
based on the local chiral transformations. By formulating the linear sigma 
model in terms of a background connection we have derived a linear local 
functional equation for the linear sigma model vertex functional. In order to 
study the matching in the large m limit one has to consider amplitudes which 
are 1-PI w.r.t. the pion fields but connected w.r.t. the sigma lines. These 
amplitudes are collected in the generating functional V. We have shown 
that a nonlinear local functional equation for V holds. This equation is of 
the same functional form as the one fulfilled by the nonlinear sigma model 
vertex functional in the flat connection formalism. 

By fixing a common mass scale for the linear and the nonlinear theory 
(the v.e.v. of the order parameter) and by adopting the normalization condi- 
tion on the residuum of the pions (which ensures the compatibility between 
the large mass limit and the loop expansion at the level of the functional 
equation) we have shown that the same hierarchical structure exists both in 
the linear and the nonlinear sigma model. 

This allows us to derive the matching for any amplitude involving at least 
one pion once the matching is verified at the level of ancestor amplitudes 
only (i.e. amplitudes involving the insertions of the flat connection and of 
the constraint of the nonlinear sigma model). 

This provides a common framework for the study of both the chiral limit 
and the strong coupling limit. 

In the first case we have shown in the one loop approximation that the 
matching is fulfilled at the leading order (logarithmic dependence on v and 
powers in 1/v) provided that the normalization conditions on the tadpole 
(fixing the mass scale) and on the residuum of the pion are imposed on the 
linear side. 

In the strong coupling limit we find that the limit A — > oo is logarithmi- 
cally divergent at one loop and thus the removal of these divergences have to 
be performed before the limit is taken. The logarithmic divergences have to 
be subtracted symmetrically through the invariant solutions of the linearized 
functional equation. 

Once the logarithmic divergences are removed, the finite parts generated 
by the heavy graphs in the strong coupling limit have to be matched by using 
the invariants T 1; . . . ,I 7 in eq.( H25p . The coincidence of the ancestor ampli- 
tudes then guarantees through the hierarchy the matching of the descendant 
amplitudes involving at least one pion. 

The lack of uniqueness of the subtraction procedure reflects the impossi- 
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bility of uniquely defining the nonlinear sigma model as the strong coupling 
limit of the linear model. 

We remark that in the case of the strong coupling limit the hierarchy 
provides an efficient way to control the logarithmic dependence of all one- 
loop amplitudes on the coupling constant through the functional given 
in eq. (HoT) . It might be expected that the strategy based on the hierarchy 
principle could be helpful in studying the strong coupling limit also for dif- 
ferent theories (like for instance the strong coupling limit of the Standard 

Model pZ!-[23!)- 

Finally the generality of the approach based on the hierarchy principle 
gives some hope that it could provide an effective strategy for the study of 
the matching between the linear and the nonlinear sigma model in the large 
mass expansion also at higher loop orders by preserving the unified treatment 
of both the chiral and the strong coupling limit. 

Acknowledgments 

We thank Tom Appelquist and Juerg Gasser for useful comments. 

A Feynman rules for the linear sigma model 

The classical action T^ ) in eq. ffTO]) reads in terms of the fields a, 4> a 

rW =j d D x (1 (ha Pa -m 2 a 2 + <W0 a ) - X ™ ^ (a 3 + a 

X 2 v 4 - D / \ 
-^^(° A +2*V« + (#) a ) 

(a + v D ) d^4> a + d^a a - e abc <9 M fe C ) 
+ '%cr 2 + 2v D a + ti) + V -f4 a ). 

(56) 

In the above equation we have introduced the mass parameter m = \[2 Xv . 
I^ ) is invariant under the local transformations 

11 1 
S(p a = -~(v D + a)5a a + -e abc (j) b 6a c , 5cr = -(f) a 5a a , (57) 

while the source J£ transforms as a background connection 

5J» = d»5a a + e abc J£5a c . (58) 
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Figure 2: Free propagators 
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Figure 3: Trilinear vertices 
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Figure 4: Quadrilinear vertices 



(1) 



b 

\ 
(2) 



(3) 



a 



a > 



(4) 
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Figure 5: Composite operators vertices 
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The tree level Feynman rules can be directly read off from eg. (1561) . 

1. Propagators 

• Pion propagator iT ( ^ = pr S ab (Fig. Ell) 

• Sigma propagator iT^}' 1 = p2 l m 2 (Fig. EJ2) 

2. Trilinear couplings 

-r^ = -^#^^ (FigEJi) 

. = l r D/2 (Fig.El2) 

3. Quadrilinear couplings 

. iT^aa = -6zAV" D (Fig. Hi) 

• 'C^^av-^^ (Fig. [12) 

• ^ r £W = - 2UV " D ^ (Fig. S3) 
where s abcd = <5 afe <5 cd + 5 ac 5 bd + 5 ad 5 bc . 

4. Composite operators 

• ^Z b jz = h^{pi + P2T (Fig. eii) 

• ir 2U* = 3 (Pi+ft)" (Fig.132) 

• ^^ = 1^^ (Fig. S3) 

• * r £W d = t^^ (Fig- E4) 
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• »T2w„ = S^!r (Fig. 05) 

• ^i°i^ = >^^ (Fig.B6) 

• ^ r w, b = H^^ (Fig. 07) 

B Useful formulas 

In this Appendix we list some useful formulas. 



B.l Massive tadpoles 

We set 

T = f^L 1 = izTl r(n-D/2) (59 ) 

The following recursive relation is verified for T n : 

T n = -(l--^-)m- 2 T n ^. (60) 



2n - 2 

By properly normalizing T n one finds for D — > 4 

- (4 £ (rb + 1 " ^ + " 1(4T) " k (£)) • (61) 



_i_(_4__ 7E + M 4.)- ta (^)). ,62) 

For n > 2 we have no more poles in D — 4 . The straightforward limit 
gives 

n ~ J4rf (n- l)(n-2) m 2 ("" 2 ) ' ^ 
B.2 Partial fractions identities 

^< o = / wfe^y = m " 2(/(r " M) " I(r - (64) 
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Note that 1(0, 1) = T\ and that in dimensional regularization I(r, 0) van- 
ishes. By proceeding recursively one finds 



3=0 



, fr + j - 1 



m 



-2(r+j) ji 



B.3 Self-energy integrals 

We collect here the relevant self-energy integrals. 

= (4^( 2 -^ + ln < 4 ' r )- 1 "( 



(65) 



(66) 



5 (p ;m,0) = v 



A—D 



d D q 



1 



(47T) 



(2tt) d (p + g) 2 (g 2 -m 2 ) 
i (l-7, + ln(4vr)-ln(^) +/l (^ 



, (67) 



B (p 2 ; m, m) 



,4-D 



(4tt) ; 



rf D g 1 
(27r) D (g 2 - m 2 ) [(g + p) 2 - m 2 } 

- 7 , + ln(4 7 r)-ln(^) +/2 (^)) ) (68) 



where the functions f\ and f 2 are given by 



(4) r^infi-4(i-^; 



^( 1+ ^ + S) + °('"- 8 » 

(69) 



and 



* (£) = - 1! dx ln = & 2 + °<™-> 

(70) 



C One loop four pion function at order l/rrt 



^(i) 



In this Appendix we verify that the one loop four pion function ^) >a( f >b ^ c( f )d 
vanishes at order 1/m 2 . For that purpose we need to evaluate graphs which 
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are 1-PI w.r.t. and reducible w.r.t. the a lines. This amounts to perform 
the Legendre transform of the 1-PI vertex functional r*- 1 -* w.r.t. a. 

The 1-PI amplitudes of the linear sigma model which enter in this compu- 
tation are , ^^4, a anc ^ T^J. They respectively generate the graphs 
of type 1, 2 and 3 in Fig. El 




(1) (2) (3) 



Figure 6: Four pion radiative corrections 



In the previous Figure we have not included any graph with the insertion 
of the massive tadpole because these graphs are canceled by the counter-term 
S t in eq.( !35l) . 

We decompose f ^ according to the group tensors as follows: 

r£?^ d = SabScdA + S ac S bd B + S ad S bc C + 0(m~ 4 ) . (71) 

We evaluate here the coefficient A as a function of the external momenta 
and the parameters of the theory (B and C are obtained by permutations). 
Fig. [6] suggests to further decompose A according to 

3 

A = J2A (72) 
i=i 

where Ai denotes the contribution to A from the graphs of type % in Fig. [6j 

We begin by evaluating A\. The relevant 1PI graphs are shown in Fig. [71 
The first two graphs of Fig. [7J can be computed exactly and yield after Min- 
imal Subtraction 



22A 4 
(4tt) 2 
14A 4 



(2 - lE + ln(47r) - In ( 



m 



In 



77T 



4A 4 
(4^ 



■In 



77T 



4A 4 



■In 



u 



(73) 
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(1) (2) 



X 

(5) 

Figure 7: 1PI 

(where s = (p a +Pb) 2 t = (p a +Pc) 2 u = (p a +Pd) 2 are the usual Mandelstam 
variables) and 

^=#(- 1 ' +h <*'- h (7) + is)- (74) 

The remaining graphs of Fig. [7] are UV convergent. Their direct evaluation 
for general values of the kinematical invariants is not straightforward. How- 
ever since we are interested in a precise kinematical regime (i.e. the one in 
which the physical mass parameter m is greater than all the others kinemat- 
ical invariants built with external momenta) we can expand the amplitudes 
in the large m limit by making use of a subgraphs asymptotic expansion 
technique due to Smirnov [8]- [10] . 

Here follows a short outline of this technique. Given a UV convergent 
Feynman graph Q the expansion procedure consists of two steps: 

• Take the whole graph and Taylor-expand it w.r.t. the external mo- 
menta around p ext = . This may introduce spurious IR divergences 
that have to be dimensionally regularized. 

• Take the subgraphs that contain all heavy internal lines (i.e. the mas- 
sive sigma propagators) and are 1PI w.r.t. light lines (they can be 
disconnected) and Taylor-expand them w.r.t. the external momenta 
and the momenta flowing in the heavy lines around p ext = and 
Qheavy = . This may introduce spurious UV divergences that have to 
be dimensionally regularized. 
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It can be proven that for any order in the expansion and for any graph the 
spurious divergences exactly cancel each other. The remaining terms provide 
the large mass expansion of the amplitude Q. 

By applying this technique we find that graph (3) of Fig. [7] yields 



4A 4 / 5s + 3t + 3w 
2 + 



(4tt) 2 V 12m 2 
The contribution from graph (4) in Fig. [7J is 



(75) 



4A 4 



(4tt) 



2 In - 



In 



-s + t + U ( s 
+ =— s In ■= + 



2m 2 



t 

vn? 

s — t + u 
2m 2 



In 



In - 



u 



+ 



5 S + t + M 

4 m 2 
s + t — u 



2m 2 



In - 



u 



(76) 



Finally we discuss the Feynman integral associated to graph (5) of Fig[7J 
4A 4 



+ 



(4tt) 2 
s — t + u 



ln(-4Wlnf-^ 



2m 2 



In 



t 



1 + 



v m 

s + t — u 
2m 2 



5s t + u 

+ 7^7 + 5" + 



3m 2 



In - 



rrr 



(77) 



By collecting together the results obtained in eqs. (!73|) . (174|) and ([75"]) - (177]) we 
find the contribution of the 1PI graphs: 



A x 



24A4 ( l t f A \ 1 1 , / S M 

_^-- TB + l n (47r)-ln( — ) - 7 ln( ^— ) ) 

4A 4 -s + t + u 



A 4 



+ 



(47T) 



2m 2 



In - 



,//- / / (47r) 2 m? 

(78) 



Now we consider the graphs of type 2 (displayed in Fig. [H]). Graph (1) 
gives 



A 2 ,i 



20A 4 



(4tt) 2 
Graph (2) gives 



( 1 + £)( 2 + 7 ,_ Mte) _ ta (£)-m (--£_)) .(79) 



.4 



2.2 



12A 4 
(4^ 



(l + ^)(7.-M*r)-ln( 



m 



2A 4 s 
(4vr) 2 m 1 



• (80) 



28 




(1) (2) (3) 




Figure 8: One sigma line 



The contribution from graph (3) in Fig. [8] is 

16A 4 / s \ ( , /t . (m 2 \\ 2A 4 s + t + u , . 

^ = -(4^( 1 + ^)(^- lll(4T) - ln (^))-(i^^^- (81) 

Graph (4) gives 

24A 4 / s \ A 4 5s + 3t + 3w 

^2,4 = 7n2( 1 + — )+7Tl2 2 • 82 

{4tt) z V 77TV (47?)^ rrr 

Finally graph (5) gives 

3A 4 / s \ /. / s 



2A 4 /3s + t + u -s + Hm. / s . , 

+ — — ln ■ ( 83 ) 



(47r) 2 V 2m 2 m 2 V m 

By collecting together the results obtained in eqs. (}T9l - (l8"3"]) we find the con- 
tribution of the graphs of type 2: 



(4tt 

__ 7£ + M4ir , _,„(_) _-,„(-_ 



48A 4 s /13 



(47r) 2 m 2 V 
2A 4 -s + t + u 



[n) 2 m 2 V m 2 



I* "=5 ■ (84) 



Finally we consider the graphs of type 3 (displayed in Fig. [9]). Graph (1) 
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>-o-< ><:>■■< >-x-< 

(1) (2) 0) 



Figure 9: Two sigma lines 



gives 



^ - S( i+ ^)( 2+7E - M%) - in ^)- in (-^))- (85) 

The contribution from graph (2) in Fig. [9] is 

18A 4 / 2s \ / , > /m 2 \\ 3A 4 s 

Finally the contribution from graph (3), controlled by the wave function 
counterterm 5z, yields 

^ 2 tz— 2 (l-^Y 2 =-^y 2 — 2 +°( m ~ 4 )- (87) 
m z V mrJ [Aity mr 



By collecting together the results obtained in eqs. (1851) - ( 1871) we find the 
contribution of the graphs of type 3: 

= (4^(2-^ + ln(4ff) - ln (^)-4 ln (-^)) 
48A 4 s /27 x i 1, / s 

+ (4^ U - 7 * + ln(47r) - ln brJ - 4 ln I - ^ 

2A 4 s 



(47r) 2 m 2 

By summing the contributions in eqs. ({78]) . (IH4"|) and (1HS1) it can be checked 
that the terms of order 1/m 2 exactly cancel. Therefore the first non- vanishing 
term for the four-point function f ^ ^ is of order 1/m 4 . 

Several comments are in order here. First we remark that the non- 
local contributions containing logs of the momenta cancel each other among 
eqs.f JTH]) . (1841) and (|88|) . On the other hand, if one does not impose the 
renormalization condition on the residue of the pion in eq. f[3"T|) the four-point 
function V}\ , , would contain a term of order 1/m 2 



2A 4 s 
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which diverges in the strong coupling limit and goes like 1/v 2 in the chiral 
limit (in contrast with the corresponding leading terms of the nonlinear model 
which are of the type 1/v In v), thus spoiling in both cases the matching with 
the nonlinear theory. 



D Superficially divergent ancestor amplitudes 

In this Appendix we evaluate diagrammatically the contributions Af , 

AT j j, Af^jj,Af jjj and Af Jjjj to the superficially divergent ancestor 
amplitudes at the first order in the large mass expansion from graphs with 
at least one sigma line. 

The subset of the graphs which are 1-PI w.r.t. the sigma lines allows 
us to evaluate the contribution to the amplitudes T^},T^jj, Tjj,Tjjj and 
Tjjjj from graphs with massive internal lines in the strong coupling limit, 
thus fixing in eq. fpH)]) . 

• Af£*, 

The relevant graphs come from the radiative corrections to the sigma 
propagator. At one loop level there are two of them (Fig. [TOl) . 
Graph (1) coincides exactly with the corresponding graph of the non- 

Q— 

(1) (2) 

Figure 10: Sigma propagator radiative corrections 
linear sigma model and thus need not be computed. Graph (2) gives 

Af £*o(P) = "2(4^5 ( " 7 * + ln ^) - ln )) ' ^ 

The contribution of graph (2) to the two-point sigma function in 
is 

r« __l^! ln !^ (91) 
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a *(^* b a M yf. b a*feb 

(1) (2) (3) 

Figure 11: Two currents 



Ar 



(i) 
./,/ 



We now move to the graphs involving two external currents. Graph 
(1) in Fig. [TT] coincides exactly with the corresponding graph of the 
nonlinear sigma model. Graph (2) gives 



+ 



_^- 7s + ln(4 7 r)-ln(-jj^ 

(~ - lE + ln(4vr) - In (^))p»P> 



12(4 

I ^(-- 7E + l„(4.)-ln(^ 



5 a b • 

(92) 



The contribution of graph (3) is 
AV 



Afl 2^, 3 (P)- 2(|7r) 2 



/ 777, 

1-1E + ln(4vr) - In 



9^ab ■ (93) 



Finally we need to take into account the contribution from the coun- 
terterm proportional to Sz in eq.(|33l): 



r 



rJp) 



2„,2 



X 2 v 



4(4tt) 



-,9p,v&ab ■ 



(94) 



Thus 



12(4tt) 



4 / TTl 

--JE + hi(47r) - In ^— ) 



-(g - 7£ + ln(47r) - In 



m 



P 2 ^ 



(95) 



Moreover 



12(4 



(96) 
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Now we consider the graphs with two external currents and one Kq. 
First we compute the set of graphs in Fig. [12j Graph (1) gives 



a b a b 



+ 



(1) (2) 



(3) 



(4) 



(5) 



Figure 12: Two currents and one Kq (1-PI) 



( 2 - 7S + ln(47r) - In ( - P -) ) . 

(97) 



(1) W (p,Pi,Pa) = - 4(4 ^ (~ 7s + ln(47r) - In ) )<? M A& . 



Graph (2) gives 

(9£ 

Graph (3) has not to be computed since it coincides with the corre- 
sponding one of the nonlinear sigma model. Graph (4) gives 

(99) 

Finally graph (5) gives 



3/1 / 771^ 

7s + ln(4vr) - ln ( — ) js^Ab . 



(100) 

There are also graphs which are not 1-PI, depicted in Fig. [T3J Graph 
(6) gives 



^kIjZjz/P'P^P^ = 
Graph (7) 
^kIjUj^i^P^P^) 



3 / / p 2 

2 - 7b + ln(4vr) - In ^))g^ab- 



4(4tt) 2 u 



:ior 



4(4^; ( - 1E + ln(47r) - ln (^))^ Ab - 

(102) 
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Figure 13: Two currents and one Kq with one sigma line 



Hence we obtain 

A f (1) = - 

^ KoJSJj; 4(4^)2^ [ 



3-107 B + 101n(4vr)-101n 



m 



g^Sab- (103) 



The contribution to is obtained by taking into account only the 
1-PI contributions in Fig. [T2J Thus 



H,aJ-Jb 



X 2 v /m 2 \ 

2 ln y-^jdv 5 ' 



2(4tt 



ab ■ 



(104) 



Ar 



(i) 
jjj 



Now we consider the graphs with three external currents (Fig. IHj) . 
Graph 1 coincides exactly with the corresponding Feynman graph of 




(1) 



< b 



(2) 



-* b 



Figure 14: Three currents 

the nonlinear sigma model. 
The contribution of the second graph is: 

[g^(pi - Vi) P - g w (pi - Ps)u + g vp (p2 - pa) J , 

and therefore 



In 



(105) 



5(4?r) 

[g^uiPi - P2) P - sv p (pi - ps)u + g vp {p2 - Pa) J • ( 106 ) 
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Ar 



(i) 

jjjj 



Finally we consider the graphs with four external currents (Fig. fT5l) . 
Graph (1) coincides exactly with the corresponding graph of the non- 



a * * d 



a *- 



d 



a 



-* d 



b *- 



-* c 



b 



-X c 



b x 



c 



(1) 



(2) 



(3) 



c d c d 



a b a b 



(4) 



(5) 



a Nk 



(6) 




(7) 



(8) 



Figure 15: Four currents 1-PI 

linear sigma model. Graph (2) vanishes at leading order. Graph (3) 
gives 



Af(i) 

LAL rMl tM2 t^3 7^4 o 



(pi,Pa,P3,P4) 
5 



01020314 

~2 9 (1-11^2 9^3^4) 



12(4tt 

(g - 7e + ln(4vr) - In (— 
where 

Graph (4) gives 
^(1) 



AT M1 M2 tM3 tM4 APl,P2,Pz,Pi) 



K47T) 1 



9^g^A 5 aia 2 8 az a 4 ( - 2 + 7i? - ln(47r) + In ( - - 
+9^^ i 9ii2^Ja 1 a 3 Sa 2 a 4 (-2 + j E - ln(47r) + In ( - — 



+9mm9fi2i* S *ia4 S W3 - 2 + 7b - ln(47r) + In - — . (109) 



(107) 



(10* 
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Graph (5) gives 



Af n n M3 M4 XvitViiVziVi) — ttt, — ~ 

J a 1 Ja 2 Ja :j Ja 4 ,0 0(471")' 



(n a r) r) i (i ~ 3) , (i « 4)\ 



( - 7s + ln(4vr) - In ( 



(110) 



At the leading order graph (6) cancels exactly against graph (11) of 
Fig. m 

Graph (7) gives 



Ar^! M2 M3 M4 Jpi, P2, P3, Pi) — — . , . x 

J ai Ja2 J "3 "4' 1 4(471") 



Graph (8) gives 



1 



2 {9^ifJ.29fJ.3^4^aia2^a-ia4 (2 <-» 4) "I - (2 <-> 



(J - 7s + ln(4vr) - In ( 



(111) 



AT ( i\ M2 M3 M4 s (Pl,P2,P3,P4) 

^0-3 "^a^ i° 



4(4vr) 2 
(- - 1e + hi(47r) - In ( 



«4)N 
3)J 



i^9^i^29^3H4,^aia2^a-j,a4, ""I"" (2 <-» 4) "I - (2 <-> 

(112) 



Now we move to the connected graphs with one sigma line attached to 
a 1-PI one loop amplitude (see Fig. [THD- Graph (9) gives 



c d c d 



a b a b 



* 



(9) 



(10) 



(11) 



(12) 



(13) 



Figure 16: Four currents with one sigma line 
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9^ 2 9^Ja 1 a2 S a 3 a 4 ( - 2 + 7 B - lii(4vr) + In ( 
+g^ti. 3 gn^a ia Ja 2 a A ( - 2 + 7b - 1ii(4tt) + In ( 
+^iM4^2M3^ 1 a 4 5a 2 a 3 ( - 2 + 7£ - ln(47r) + In 
Graph (10) gives 



u 



.(113) 



Ar M1 M2 M3 M4 ln (pi, 

^a-^ t/ a2 ^0,4 i ±u 



4(4tt) ; 



Graph (12) gives 



Ar M1 M2 M3 M4 19 (pi,P2,P3)P4) 



4(4vr) : 



' {9^i^29^3^a 1 a2^a s a 4 + (2 <-» 4) + (2 <-> 

(-7K + M47r)-ln (^)) . 

(114) 



' (fiW/^ 5^3/^4 ^0102^03(14 + (2 <-> 4) + (2 <-> 3)) 



(2 " 7£ + ln(4vr) - In ( 



(115) 



Graph (13) gives 



Ar M1 M2 M3 M4 ,0(^1,^2,^3,^4) 

J aj '-'02 a 3 a 4 ' 



r n rt x a i_ (1 <-> 3j _i (1 *-* 4)\ 

4(47r) 2 V^ 1 ^ 2 ^ 3 ^ 4 aia2 a 3 Q 4 *-* 4J 1^ (2 *-* 3)) 



(2 " 7s + ln(4vr) - In ( 



(116) 



Finally we consider the connected graphs with two sigma lines attached 
to a 1-PI amplitude (see Fig. [T7j). Graph (14) gives 



a 
b 



c 
d 



c 
d 



(14) 



(15) 



Figure 17: Four currents with two sigma lines 
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Ar^ M \ M2 „ 3 M4 14 (pi,P2)P3)P4) — — rr-j N2 

J ai Ja 2 J »3 J °4 ! " (5(471") 

<W<W 4 ( - 2 + 1e ~ ln(47r) + In ( - - 
+9^^9^Ja 1 a 3 5 a2 a 4 ( - 2 + 773 - lii(4vr) + In ( - -j 



«2«:i 



2 + 7s - ln(4vr) + In -— .(117) 



■ft 



We remark that the amplitudes in eqs. (I109j) . HI 1 3 H and ( \117\\ cancel 
among each other. This is a consequence of the general cancella- 
tion mechanism implemented by eq. (|52p . Notice that in the case of 
eqs. ( 11091) . f 1 1 1 3 j) and (11 17)) this cancellation guarantees the absence of 
terms containing logs of the momenta in the corrections to the ancestor 
amplitudes from graphs with at least one massive line (at the leading 
order in the large m expansion). 

Finally graph (15) gives 



Af^ M1 M2 M3 M4 ,Api,P2iP3iP&) 



9 



K4vr) : 



An n r) 4- (1 ~ 3) 4- (1 

\y/ii/J.2y/J.3/J.4, u aia2 u a 3 ai T (2 <-» 4) ~ (2 



2 w 3)J 



( - 7i? + ln(4vr) - In ( 



:ii8i 



Hence we are left with 

'.(i) _ s 



Ar 



tMI tM2 rM3 r/M 



01020304 

2 9 (m/12 9/13^4,) 



5 , /,, \ 1 

- - 7E + In 4tt -In- 
fo V v l 



12(4vr 

I 1 f n n A A _|_ (1~ 3) , (1 « 4) 

(47r) 2 ^l 11 ^ 2 ^^ 3 ^ 4 aia2 a3Cl4 (2 " 4) (2 " 3) 



I / '777, 

- - 7 £ + ln(47r) - In 



(119) 



By considering only the contributions from the 1-PI graphs in Fig. [TJ] 
we can evaluate T 



r (i) 

T-T T^ 1 T^ 2 7^3 rM4 



(i) 

u- tMI tM2 rM3 7M 
^i^dl a 2 3 a < 

"Sa 1 a2a304 



12(4vr) 



?(4vr) ; 



■fn 4- (1 M 3) 4- (1 " 4) \ In 

\9/J.lfl.29tl.3V4 U aia2 U a.3a4. ' (2 <-> 4) T (2 <-> 3)J 111 



(120) 
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E Nonlinear sigma model 



The D-dimensional classical action of the nonlinear sigma model in the flat 
connection formalism 111 is 



r& = f / d D x (i? - jtf + J d D x Kq(, 



[12V 



J® is the background connection and K the source of the constraint <po of 
the nonlinear sigma model 



(122) 



r^l obeys the following D-dimensional local functional equation 



+ - 



(°) gr<f>) i 5 r 

NL 01 NL , ^ - £^ 

2 8K 6<f> a + 2 €abc<Pc 5<p b 



(o) 



- 2^^o 



.5r 



(0) 



.ST 



(o) 



q/j " ^ iVL _ t^ " x JVL 



0. 



(123) 



We set S-o = 
the flat connection 



x =o 



In terms of the background connection J® and of 



(124) 



the invariant solutions of the linearized functional equation which enter at 
the one loop level read [2] 



x 7 





J)u 


a 


D^(F - 


jy 

- a 




jy 


a 


D V {F- 


jy 

- a 



abc 



d D x 



D,(F-J)r] a ( F >- J >){ F c 
L ^0\ 2 



v 2 D K 



d D x I UD 



v 2 D K 



!>0 



5_So 



d D x (f^ - j») (f: - j:) 



b/j, 



Ff 
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bu 



J, 



(125) 



where denotes the covariant derivative w.r.t F^: 

D^ab = d^5 ab + eacbF^c . (126) 
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